The interaction of optical beams in bidispersive nonlinear media with self-focusing nonlinearity is numerically investigated. Under proper conditions, the interaction of spatially separated beams can lead to the creation of two prominent filaments along the other spatial or temporal dimension and, thus, to an effective spatiospatial or spatiotemporal exchange. This X-wave generation-based effect could potentially be exploited in optical realizations of spatial or spatiotemporal filtering. © 2009 Optical Society of America OCIS codes: 190.7110, 190.3270, 050.1940, 320.7120, 320.5550, 130.4815. The propagation of narrow optical beams in media with self-focusing (SF) Kerr nonlinearity has been the focus of intense investigation for many years [1, 2] . In the case where two-dimensional (2D) diffraction and anomalous dispersion are present, SF leading to full wave collapse can be observed if the initial power of the beam exceeds a critical value N c [3] . More recently interest arose in Kerr nonlinear media with normal dispersion where the SF process can be delayed and collapse can be arrested [4] [5] [6] [7] . Instead of collapse, pulse splitting may occur along the temporal dimension. This effect is associated with the phenomenon of conical emission. The latter effect is related to the generation and amplification of spectral sidebands that obey a dispersion relation that demands k Ќ 2 ϰ⍀ 2 , which represent hyperbolas bound by the cone ͉k Ќ ͉ = ± ͱ kkЉ⍀ (with k being the wavenumber of the beam) [6, 8] . This relationship spreads the energy along these "spectral hyperbolas" and strengthens the dispersion factor, which, in turn, redirects the energy away from the center of the wave packet, preventing the collapse and forming two light filaments (one blueshifted and the other redshifted), thus, splitting the beam. We note that these spectral hyperbolas are the same as those involved in spatiotemporal modulational instability (MI), as far as the spectrum of a perturbed continuous wave (CW) is concerned [9] . MI is also responsible for the spontaneous generation of nonlinear X waves [10] . Recently, a more involved interpretation was given to this splitting process (or filamentation process, as it is also called) based on "X-like" wave packet dynamics [11, 12] . These spontaneously generated X-shaped light bullets have been observed in lithium triborate ͑2͒ crystals [13] . The robust nature of the X-like wave packets appearing in cases where normal dispersion is present and their relation with "pulse splitting" has been analyzed in the works of Conti and others [14] . In another recent work, X-wave generation was considered by exploiting the interaction of a 2D localized Gaussian wave packet and a CW background [15, 16] . It was found that the X-wave generation process depends on both the relative phase and amplitude of the background with respect to the superimposed wave packet [17, 18] . In fact it was the MI of the CW that enabled the creation of these X-like structures.
The propagation of narrow optical beams in media with self-focusing (SF) Kerr nonlinearity has been the focus of intense investigation for many years [1, 2] . In the case where two-dimensional (2D) diffraction and anomalous dispersion are present, SF leading to full wave collapse can be observed if the initial power of the beam exceeds a critical value N c [3] . More recently interest arose in Kerr nonlinear media with normal dispersion where the SF process can be delayed and collapse can be arrested [4] [5] [6] [7] . Instead of collapse, pulse splitting may occur along the temporal dimension. This effect is associated with the phenomenon of conical emission. The latter effect is related to the generation and amplification of spectral sidebands that obey a dispersion relation that demands k Ќ 2 ϰ⍀ 2 , which represent hyperbolas bound by the cone ͉k Ќ ͉ = ± ͱ kkЉ⍀ (with k being the wavenumber of the beam) [6, 8] . This relationship spreads the energy along these "spectral hyperbolas" and strengthens the dispersion factor, which, in turn, redirects the energy away from the center of the wave packet, preventing the collapse and forming two light filaments (one blueshifted and the other redshifted), thus, splitting the beam. We note that these spectral hyperbolas are the same as those involved in spatiotemporal modulational instability (MI), as far as the spectrum of a perturbed continuous wave (CW) is concerned [9] . MI is also responsible for the spontaneous generation of nonlinear X waves [10] . Recently, a more involved interpretation was given to this splitting process (or filamentation process, as it is also called) based on "X-like" wave packet dynamics [11, 12] . These spontaneously generated X-shaped light bullets have been observed in lithium triborate ͑2͒ crystals [13] . The robust nature of the X-like wave packets appearing in cases where normal dispersion is present and their relation with "pulse splitting" has been analyzed in the works of Conti and others [14] . In another recent work, X-wave generation was considered by exploiting the interaction of a 2D localized Gaussian wave packet and a CW background [15, 16] . It was found that the X-wave generation process depends on both the relative phase and amplitude of the background with respect to the superimposed wave packet [17, 18] . In fact it was the MI of the CW that enabled the creation of these X-like structures.
In the present investigation we consider the interaction of two 2D localized wave packets, spatially separated, on top of a broad CW beam. Even though X-wave generation is not the aim of this work, the MI generated X-like structures are omnipresent. It is thus observed that their interaction can lead to the emergence of two dominant light filaments with temporal separation. In the more general setting of a bidispersive nonlinear medium [16] , the temporal dimension is replaced by the other spatial dimension and the aforementioned filaments are now separated spatially, though transversely to the initial (at launching) spatial separation of the beams. The basic idea is illustrated in Fig. 1 . Surfaces of constant light intensity in two settings of practical interest are presented, along with a conceptual realization. In Fig. 1(a) , two light beams spatially separated at the launching point ͑z =0͒ end up temporally separated at the end ͑z =5͒. In Fig. 1(b) it is merely demonstrated that beam interaction does not necessarily allow space-time exchange, i.e., initial temporal separation does not lead to spatial separation. In Fig. 1(c) a possible experimental arrangement is sketched. Two light beams that are simultaneously incident at an angle at two spatially separated ports generate a temporal sequence of two light pulses emanating from the center at the end of the slab waveguide; a weak CW is also injected at the launching point. The current work investigates beam propagation where one transverse spatial and the temporal dimension are considered; thus the terms selfcontraction and beam compression, encountered in soliton formation, would be more appropriate than SF, which is used when two spatial dimensions are considered. How-ever due to the analogy of the spatial and temporal terms, which is obvious in Eq. (1), both terms are used.
In the aforementioned configuration (planar normally dispersive waveguide), beam propagation can be described by the following nonlinear Schrödinger equation (NLSE):
where z = Z / z 0 , t = ͑T − ZkЈ͒ / t 0 , and x = X / w 0 are the normalized longitudinal, time, and transverse coordinates, u is the normalized electric field given by u = E / I 0 1/2 , with E being the envelope amplitude and I 0 is the characteristic intensity. As a plausible example, we consider an AlGaAs waveguide operated at = 1.55 m with a linear refractive index n = 3.34. The nonlinear coefficient of this system is n 2 = 1.5ϫ 10 −13 cm 2 / W and the normal dispersion parameter is kЉ = 1.35ϫ 10 −24 s 2 / m. In the examples to follow the beams have a spatial width w 0 = 10.5 m. Hence z 0 = 3 mm, t 0 = 45 fs, and I 0 = 5.5 W / m 2 . On the other hand, the intensity used for the CW is between 1% and 4% of the maximum beam intensity. The effective horizontal length (x dimension) of the waveguide is not of importance since it is considered very long, its transverse (y dimension) width is taken here to be 1 m and its length is Z =15 mm ͑z =5͒. The relationship of the diffraction and dispersion effects was taken under consideration through the relationship of their respective lengths L df = w 0 2 k /2 and L ds = t 0 2 / kЉ. Their aspect ratio is of major importance and is kept L df / L ds =1/2 throughout this work.
The evolution of u is greatly affected by its "mass," defined as N = ͉͐u͉ 2 dxdt, which in our investigation is actually the "energy" integrated along the transverse spatial and temporal dimensions instead of the power integrated along two spatial dimensions. In this paper we retained the terms "power" and mass, a standard terminology, to point the analogy with previous works. In the case of a single beam propagating in an anomalous dispersive medium, with a power that exceeds a certain critical value, which for Gaussian beams is N c =4, the end result is SF and collapse. Bergé et al. [19] , in their key work concerning beam interaction, considered the respective initial beam power N i , in combination with their spatial separation, as a criterion for merging and probable focusing. Here we follow the same guidelines, taking into consideration the role of CW and the features of normal dispersion. On the other hand, SF, which is followed by beam splitting, occurs in media with normal dispersion, for powers that are usually greater than N c , and is related to the aspect ratio of the diffraction and dispersion lengths [5] . Since here we assume the coexistence of two localized Gaussian beams along with a CW background, we can consider u as a superposition of beams u 1 and u 2 with u CW , namely, u = u 1 + u 2 + u CW . It is assumed that the mass variation, ⌬N i , generated by the interaction of the beams with the CW is incorporated in the individual beams themselves. This assumption can be easily met if one considers that the CW, or quasi-CW, beam is of low intensity but of infinite (or very large) energy, thus effectively constant. Hence, one may set u = u 1 + u 2 + u CW , where
where A is the amplitude of the beams, ⌬x =2x 0 and ⌬t =2t 0 are the initial spatial and temporal wave packet separations, ⌬k x is the initial transverse wavenumber mismatch, 1 and 2 are the initial phases of the beams, a CW is the relative amplitude of the CW, and is its phase. Spatiotemporal integration of the total mass ͉u 1,2 + u CW ͉ 2 yields the individual finite modified masses,
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where ⌬ i = i − ͑i =1,2͒ is the phase difference of the respective beam with the CW. This, in turn, should change the individual beam power necessary for compression and splitting and can also affect the process of merging and the probable SF thereafter. According to [5] , for the value of the aspect ratio between the diffraction and dispersion lengths, considered here, the necessary power that can trigger individual SF, and consequent splitting, of a wave packet is not N c but more than 2N c . We use this result as a point of reference for our case of study and actually observe a similar response. The interaction of the beams depends not only on their relative phase but also on the individual powers [18, 19] . It is well known that, in general, in-phase beams undergo mutual attraction, , out of phase repel each other, while for intermediate values of phase difference beams can experience inelastic collisions [20] . The numerical investigation that follows takes into consideration all of the above. In Figs. 2-4 the horizontal axis corresponds to the spatial ͑x͒ dimension and has a length of 50 transverse pulse widths (−263 to 263 m) and the vertical axis corresponds to the temporal ͑t͒ dimension at a length of 50 pulse widths (Ϫ1.12 to 1.12 ps). The color bars are placed for in- Fig. 1 . Isointensity plots at 80% of both the beams intensity. (a) Appearance of two prominent filaments on the temporal axis after the interaction of two spatially localized beams [the same case is also presented in Fig. 4(i) ]; (b) two initially temporally localized beams with displacement ⌬t = 4 lead the output main filaments on the temporal axis; (c) two light beams simultaneously incident at an angle at two spatially separated ports of a conceptual device lead to a temporal sequence of two light pulses emanating from the single center port at the end of the device. tensity comparison. A picture of the initial beam placement along x can be provided by Fig. 1(a) at z =0.
The NLSE is solved via a beam propagation method. In all cases the spatiotemporal window is taken broad enough to avoid artificial reflections from the boundaries. The CW is retained throughout this investigation since its presence retards the diffraction of the beams and helps the concentration of the energy in relation to the MI created structures [15] . Furthermore, without any loss of generality we also set 1 = 2 . In Fig. 2 , the output intensity profiles are shown at z = 5 (at 15 mm) when two beams are lunched simultaneously, with ⌬x = 4 (42 m for the reference example), ⌬ i =0, ⌬k x = 0, and in the presence of a CW with a CW = 0.1. The initial beam powers are varying, and in Fig. 2(a) N i = 0.9N c , which, even with ⌬N i added, is lower than the minimum needed power for the beams to merge and focus [19] . That should not happen no matter how close the two beams might start. In this case, the beams diffract, but the energy is weakly concentrated in a low central lobe and along hyperbolic curves, resembling an X-like structure. For beams with N i = 1.85N c [ Fig. 2(b) ], their power is high enough that along with the part offered by the CW force them to start individual splitting. Nevertheless, soon after this splitting starts, the filaments merge along the temporal axis. However, the energy is not concentrated in two prominent lobes but in many smaller ones. For an even higher beam power ͑N i =3N c ͒, the result is multiple splitting and filamentation [ Fig. 2(c) ].
Next we investigate the effect of initial spatial separation of the beams. Beam power is set at N i = 1.5N c and the CW is of higher amplitude than before, namely, a CW = 0.2. Thus, the power that can trigger individual compression and splitting is also expected to be close to 1.5N c . For ⌬x = 3, in Fig. 3(a) , the two beams tend to temporally split, but they soon merge. Two individual filaments of opposite frequency sidebands emerge and draw away from each other, but many other smaller peaks appear. For ⌬x =4, the beams split individually, but the filaments merge and concentrate at the t-intercept points of the first hyperbola. This is a more favorable result, since these filaments have significantly more power than the rest that are being created, but they emerge rather late, around z = 4. They move away along the t axis and retain their amplitude until z = 5. For ⌬x = 5 we observe individual splitting, as it has been expected considering the amount of the individual masses. Diffraction spreads the energy, mainly along the x-centered hyperbolas.
We next consider how the spatial wavenumber mismatch between the beams and their phase difference with the CW affect the beam evolution. The relative phase between the beams is set to zero, a CW = 0.2, ⌬x = 4, and N i =2N c . Figure 4 . For = / 2, the CW does not add any amount of energy to the beams, at least initially. The beams do not self-contract, the initial power is not enough for this to happen. Instead, they disperse but finally merge at the center and split twice. Four filaments are formed, of relatively equal amplitude, which they retain. The case of = gives the most efficient intensity reallocation [Figs. 4(c)-4(i)]. In this case the CW takes away power from the initial beams. Also, the less their relative wavenumber mismatch is, the more power is "subtracted" from them. The beams disperse quickly, moving to create two filaments of their own along the temporal axis, but then they finally merge in one central lobe that splits in two other lobes (around z = 2.5) with their peaks positioned at x =0 and moving along time, thus emerging at z = 5 clearly separated in time. Although convergence of the beams ͑⌬k x Ͼ 0͒ does not affect the outcome strongly, even better In the latter case of ⌬k x = 0.2 the resulting main filaments possess higher peak intensity than of ⌬k x = 0.1 (1.5 versus 1.3). In Fig. 1(a) What is also obvious from the previous figures is that the energy, either concentrated in prominent filaments or more dispersed along hyperbolic formations, tends to be localized on certain hyperbolas, as analyzed in [21] . In Fig. 6 the movement, along the t dimension of the highest emerging filaments is presented by tracking the peak power of the bottom filament (the one moving along the "negative" time, meaning the slower of the two). The z axis of propagation is presented for z Ն 2, where the formation of the time separated filaments has been concluded. The cases of = 0 with ⌬k x = 0 and 0.1 (thick and thin full curves, respectively), = / 2 with ⌬k x = 0.2 (dashed curve) and = with ⌬k x = 0 and 0.2 (thick and thin dotted curves, respectively) are presented. It seems that small values of the wavenumber mismatch do not affect the temporal displacement of the major emerging filaments considerably. On the other hand, the phase difference between the beam and the CW does affect the distance where these filaments emerge, as well as their spectral content (in the case of = 0 the filaments move apart faster than in the case of = ). What cannot be shown in Fig. 6 , but is more obvious in Fig. 4 , is that for the = 0 case secondary peaks are born that are of intensity almost equal to the intensity of the major emerging filaments. In the = / 2 case the filaments appear a bit "slower" than in the other cases. In fact the energy of the merging beams stays within the central lobe for a greater propagation distance than at the other cases, before it splits. In Fig. 6(b) , the maximum intensity of the major emerging filaments is presented, for the cases of Fig. 6(a) . It is shown that in all cases the major emerging filaments have almost equal peak intensity, which they retain, at least until z =5.
A comparison of the temporal displacement between the two main output filaments and between their peak intensities can be viewed in Figs. 7(a) and 7(b) . For all the cases a CW = 0.2 and = , while ⌬k x = 0.2 is the standard for most of the calculations. It seems that the initial spatial displacement (either small or lager and the subsequent quick merging or individual splitting for higher powers) does affect the output ͑z =5͒ temporal displacement but not dramatically. Its influence is larger for high initial input power. The initial power itself seems to be an important factor and the greater it is, the higher is the intensity of the filaments and the greater their displacement. A comparison of the two cases for N =2N c indicates that a nonzero initial beam convergence in combination with a very small initial spatial separation leads not only to a quick merging but also to a wider dispersion of the energy and output filaments of low intensity. However, for larger spatial separations a small initial convergence helps energy concentration and finally leads to a larger temporal displacement and higher intensity of the output filaments. For even higher powers the result is multiple splitting with no prominent filaments.
One-dimensional Fourier transform of the temporal dimension has also been conducted for z = 0 and z = 5 for the case of Fig. 4(i) [Figs. 8(a) and 8(b) ]. In Fig. 8(b) we can see that there are energy concentrations at opposite frequency bands, symmetrically placed above and below the initial beam frequency, which is zero in normalized values. Being placed at x = 0, their opposite frequencies/ velocities represent the opposite and increasing temporal displacement of the output filaments. The white horizontal line shown in Figs. 8(a) and 8(b) represents the monochromatic CW.
In conclusion, it has been shown that the interaction between two spatially separated localized wave packets and a CW background can lead to the creation of two temporally distinct filaments. The propagation distance where the filaments emerge, as well as their initial posi- tion on the time axis, their intensity, and robustness depend on the initial characteristics of the interacting beams, as well on these of the CW. The above observations indicate that a controllable all-optical spatial or spatiotemporal switching and filtering are possible in such systems. 
